We present the correlation within the framework of the quaternion algebra.
Introduction
Quatemion based filters have been used in various area.
For example, several methods based on quatemion for the spacecraft attitude determination, which is one of the im portant tasks for the spacecraft, were proposed (see [1] ), and several face recognition methods using quatemion-based correlation filters were proposed (see [2] ). Recently, the quatemion Fourier transform (QFT) attracts increasing re search interests. It can be considered as a generalization of the classical Fourier transform (FT) by using the quatemion algebra. Based on the properties of quatemions some def initions of the QFT have been proposed (see, for example, [3, 4, 5, 6, 7] ) . A number of useful properties of the QFT are already known which are generalization of the correspond ing properties of the FT with some modifications. One of the most powerful properties of the QFT is the quatemion 978-1-4799-0417-4/13/$31.00 ©2013 IEEE Fourier correlation theorem. This property is closely related to quatemion Fourier convolution theorem [9] . Therefore, the purpose of this paper is to study the correlation theo rem for the type II QFT. Since the quatemion multiplication does not have the noncommutative rule, we find some prop erties of the relationship between the QFT and the correla tion of two quatemion-valued functions, which are different from the correlation theorems for the FT.
In what follows, we briefly review the basic definition of the quatemion algebra and its properties. The quatemion algebra over JR , denoted by 1HI, is an associative noncommu tative four-dimensional algebra,
1HI
= {q = qo + i q l + j q 2 + k q 3 ; Qo, q l, q 2, q 3 E JR }, (l ) which obeys the following multiplication rules:
For a quatemion q = qo + i q l + j q 2 + k q 3 E 1HI, qo is called the scalar (or real) part of q and i q l + j q 2 + k q 3 is called the vector (or pure) part of q. The vector part of q is conventionally denoted by q. Let p, q E 1HI and p , q be their vector parts, respectively. Equation (2) yields the quatemionic multiplication qp as
where
The conjugate of the quatemion is the quatemion q given by qo, Q1, Q2, Q3 E R (4) 
Quaternion Correlation
Two closely-related operations that are very important for It is an anti-involution, that is,
information processing are convolution and correlation. In (5) engineering, the correlation has been widely used for vari ous template matchings. This section shall discuss briefly the quatemion correlation and collect its basic properties.
From (4) we obtain the norm or modulus of Q E lHI defined as
It is not difficult to see that 'tip , Q E lHI.
is defined by (7) (10) Using the conjugate (4) and the modulus of q, we can define the inverse of Q E lHI \ {O} as (f og) (x) = r f(y)g(x + y) d y .
i lR 2
In particular,
which shows that lHI is a normed division algebra. For a
pure unit quatemion q called axis, any pure quatemion p is called the quaternion autocorrelation of f . can be decomposed into its parallel component p II to q and perpendicular component P..l to q , that is, The quatemion correlation fog can be represented as
For further details, see Sangwine [8, 9] . We have the fol lowing result, which will be necessary to prove Theorem 3 . 6 . For the proof, see [10] .
where * denotes the quatemion convolution defined by
Note that fo g of-fo g in general, even when f, 9 E L 2 ( JR 2 ; JR ).
Some basic properties of the quatemion correlation are collected in the following lemmas. 
JJR. 2 (18)
where J-t is any unit pure quatemion such that J-t 2 = -l.
The inverse type II QF T is defined by
The following theorem shows that the type II QFT of the quatemion correlation is closely related to the type II QFf of the quatemion convolution. For f E L2(JR2; 1HI), denote by fo(x), the scalar part of f(x) and by
(14) the vector part of f(x) . Then, we have f(x) = fo(x) + (1 5 ) f( x) .
Let T a be the shift or translation operator by a, that is, T a f(x) = f(x -a). (20) The other basic properties of the quatemion correlation, which will be used in the next section, are summarized in Ta ble 1.
3 Correlation oftype II QFT
In this section, we investigate some properties of the rela-Changing variables z = x + y in the above expression, we tionship between the quatemion correlation and the type II have QFf. We show that they are the extensions of the classical case. Let first us define the type II QFT. 
fo r a fixed w . z .
Proof. By Proposition 1.1, we have for a fixed w . z
( 2 6 ) which gives the required result.
D By a similar argument, we easily obtain By careful observation of the proof of Theorem 3.2, we have the following corollary. 
Any pure quaternion-valued function g(y) can be de composed with respect to the axis fJ into the form:
by (9) . Then, we have the following lemma. Proof. Since g is a pure quaternion, we have g = g i l + g� o Then, Corollary 305 implies 
